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Rarefaction Effects in Small Particle Combustion
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The standard theories of particle combustion rely upon continuum gasdynamic relationships. These
theories predict that small reacting particles are always essentially in thermal equilibrium with the am-
bient gas phase. This is a consequence of three results from continuum theory: 1) the convective loss is
inversely proportional to particle size, 2) the convective loss is independent of pressure, and 3) the con-
vective loss depends upon the thermal conductivity of the ambient gas. Typical soot particles are smaller
than the mean free path of the ambient gas. Energy and mass conservation equations are derived assum-
ing free molecular conditions. Under these assumptions, the convective loss is shown to be independent
of particle size, dependent on the ambient pressure, and independent of the gas phase thermal conduc-
tivity. These equations are solved for a variety of O2/O/N2 gas mixtures, pressures, and temperatures.
High O2 mole fractions at low pressure result in signi� cant gas/particle thermal nonequilibrium. The
particle surface temperature is shown to elevate signi� cantly above the gas temperature. This result
contradicts the behavior of small reacting particles predicted by continuum theory.

Fig. 1 Kinetically and diffusionally controlled combustion.

Nomenclature
A = particle surface area
C = particle speci� c heat
D = particle diameter
E = particle internal energy
e = particle speci� c internal energy
f = collision ef� ciency
h = convective heat transfer coef� cient
hfm = free molecular convective heat transfer coef� cient

0h (0)f = enthalpy of formation at 0 K
k = Boltzmann constant
kf = gas � lm thermal conductivity
kr = temperature-dependent constant in particle

emissivity
m = gas molecular mass
m̃ = mass of carbon atoms removed from particle per

reactive collision
n = number density
PO2

= oxygen partial pressure
P = ambient pressure
ÇQ = heat transfer rate from the gas to the particle

qnr = energy transferred to the particle by a nonreactive
collision

qr = energy transferred to the particle by a reactive
collision

= speci� c gas constant
r = particle radius
T = particle temperature
T0 = reference temperature
T = ambient temperature
t = time
u = internal energy
V = particle volume
v̄ = average molecular velocity
X = stoichiometric coef� cients
Z = total collision frequency

= surface thermal accommodation coef� cient
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= ratio of speci� c heats
= emissivity
= mean free path
= gas kinematic viscosity
= particle material density
= ambient density
= Stefan– Boltzmann constant
= speci� c oxidation rate

Introduction

M OST developments of the governing equations of soot
oxidation focus on the diffusion (large particle, high

temperature) or kinetic (small particle, low temperature)
limits.1– 5 In a seminal paper, Libby and Blake6 developed the
general kinetic and diffusive equations governing the oxidation
of carbon spheres. In the limit of small particles, all of these
developments predict that the particles are essentially in ther-
mal equilibrium with the gas. Figure 1 illustrates the temper-
ature pro� les resulting from diffusionally and kinetically lim-
ited combustion. For large particles (diffusion limit), the
particle temperature can rise signi� cantly above the ambient
gas temperature. For small particles (kinetic limit), the thermal
conduction loss to the surrounding gas is predicted to over-
whelm the energy release at the particle surface. Indeed, in
most shock-tube studies7– 10 of soot oxidation, the experiment-
ers assumed that the particle temperature could be computed
from the shock-tube relations. Roth et al.9 explicitly states:
‘‘The particle surface temperature was assumed to be equal to
the gas phase temperature. This assumption seems to be rea-
sonable for nm-size shock-heated, reacting particles.’’ It is pre-
cisely this assumption that is investigated in this paper.
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Fig. 3 Particle Kn.Fig. 2 Ratio of convective heat transfer coef� cients.

Continuum and Free Molecular Convection Heat
Transfer Coef� cients

Consider a nonreacting sphere undergoing convective heat
transfer with a surrounding gas. The governing heat transfer
equation is

ÇQ = h A(T T ) (1)

If continuum conditions are assumed (as is done in Refs. 1–

6), then Nu will be approximately 2, since the particle is un-
dergoing free convection.11,12 Since Nu is de� ned as

Nu = hD/k (2)f

then we have the classic result

h = k /r (3)f

For small particles the convective coef� cient is extremely large
and forces the particle temperature to rapidly approach the gas
temperature. This is the result cited frequently in the literature
to justify thermal equilibrium for small particles, even in the
presence of energy addition by oxidation. Recall that the ther-
mal conductivity of a gas is not dependent on pressure.13

Therefore, the continuum convective coef� cient is independent
of pressure.

If the characteristic body dimension is small compared to
the mean free path, the body is in free molecular � ow, and the
convective heat transfer is given by14,15

T 1 T 1ÇQ = T A (4)
2 1 2( 1) T 2

This assumes a Maxwellian velocity distribution in the gas as
a whole and no mean relative velocity between the gas and
the particle. It also assumes that the internal energy modes are
fully excited and in equilibrium with the translational energy.
By rearranging and invoking the ideal gas law we arrive at

P T 1ÇQ = A(T T ) (5)
2 T 2 1

This is in agreement with an early work of Simmons and Spa-
daro.16

By comparison with Eq. (1) we can de� ne hfm as

P T 1
h = (6)fm

2 T 2 1

Comparing Eq. (6) with Eq. (3), we see that the 1/r depen-
dence does not appear in the free molecular heat transfer co-
ef� cient. Therefore, small particle size does not result in large

convective coef� cients. Indeed, the free molecular heat transfer
coef� cient is independent of particle size, but is instead de-
pendent on pressure (or on more physical grounds, density).
Also note that the gas thermal conductivity does not appear.
The exact opposite dependencies are seen for the continuum
heat transfer coef� cient. Therefore, signi� cantly different be-
havior might be expected under free molecular conditions.

We can now make a direct comparison of the free molecular
and continuum convective heat transfer coef� cients by forming
the ratio h/hfm and plotting this ratio as a function of temper-
ature and pressure (see Fig. 2). A 50-nm-diam particle im-
mersed in molecular oxygen is used for this calculation. The
NASA Equilibrium Code with Transport Properties17 is used
to provide the temperature-dependent ratio of speci� c heats.
The accommodation coef� cient is assumed to be unity. For
these conditions, the free molecular convective heat transfer
coef� cient is always signi� cantly less than the continuum con-
vective coef� cient. At 0.1 atm, the continuum coef� cient is
500– 1000 times larger than the free molecular coef� cient. If
the particle is actually in free molecular conditions, the use of
the continuum heat transfer coef� cient will signi� cantly ov-
erpredict the heat transfer rate from the particle, implying an
underprediction of the particle temperature.

Soot Particle Kn
The particle Kn is de� ned as the ratio of the mean free path

of the gas to the particle diameter, or18

Kn = /D (7)

where is de� ned by

1/2

2 kT
= (8)

P 8m

The de� nition of � ow regimes is problem-dependent, but in
general for low mean velocities15: Kn < 0.1, continuum � ow;
0.1 < Kn < 2.0, slip � ow; 2.0 < Kn < 10, transitional � ow;
and Kn > 10, free molecular � ow.

Assuming again that the particle is immersed in pure mo-
lecular oxygen, the NASA Equilibrium Code with Transport
Properties17 is used to provide the viscosity so that Kn as a
function of temperature and pressure can be computed assum-
ing a baseline particle diameter of 50 nm. This will be a base-
line Kn only, since the particle size is held constant. The par-
ticle size will, of course, decrease with oxidation, causing an
increase in the Kn. Figure 3 is a plot of particle Kn as a func-
tion of oxygen pressure and temperature. Note that the particle
Kn is always much greater than 1.0, even at atmospheric pres-
sure. At 0.1 atm, the Kn is greater than 100. Therefore, the
particles are always in transitional to free molecular � ow. Rar-
efaction effects will always be important, and continuum re-
lations may fail.
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Particle Energy Equation
If we denote the particle thermal energy as E, then E is given

by

E = V(t)e(t) (9)

Because particle volume is simply 4/3 r 3, then E is a function
of both r and T. Since both r and T are functions of time, then
the rate of change of E is

dE E dT E dr
= (10)

d t T d t r d t

We can write the internal energy as

T

ˆe = C dT e(T ) (11)0

T0

Additionally, it can be shown that

E
= VC (12)

T

If we use the thermodynamic properties of graphite (a refer-
ence element) for soot, then e(T0) is de� ned to be zero.
Throughout this paper, the reference temperature is assumed
to be 0 K. We can also � nd

T
E ˆ= V C dT = Ae (13)
r r 0

If we assume we are given the speci� c oxidation rate, (g/
cm2/s), as a function of temperature and pressure, we can � nd
the rate of change of the particle radius since

dV dr
A = = A (14)

d t d t

or

dr
= (15)

dt

Substituting Eqs. (12), (13), and (15) into Eq. (10), and rear-
ranging, yields

dE r dT
= A C e (16)

d t 3 d t

This is the rate of change of the energy content of the particle.

Reactive and Nonreactive Collisions
The free molecular model is one of collision counting. A

collision that results in an exothermic reaction adds energy to
the particle. An endothermic reaction removes energy. Non-
reactive collisions will either add or subtract energy from the
particle: adding if the gas is hotter than the particle, subtracting
if the particle is hotter than the gas. Also, if a reaction occurs,
mass must be removed from the particle.

If the characteristic body dimension is small compared to
the mean free path, the body is in free molecular � ow, and
heat transfer will occur only by direct collisions with the am-
bient gas molecules15 (ignoring radiation for the moment).
Upon collision with the particle surface, the gas molecules will
exchange energy with the surface, either by transferring inter-
nal energy, or by chemically reacting with the surface. We can

express the oxidation rate as a fraction of the total number
of collisions; i.e.,

˜= Z fm (17)

Assuming no relative motion between the particle and the gas
(dynamic equilibrium), Z is given by13

1 1– –Z = nv̄ = (P /kT ) 8kT / m (18)4 4

The energy � ux at the particle surface caused by collisions
with gas molecules is given by

dE
= [Z fq Z(1 f )q ]A (19)r nr

d t

The energy u has contributions from translational energy,
internal structure (e.g., vibrational and rotational energy), and
chemical potential energy (bond energy). We can write the
internal energy of the gas molecules as

u = u u u (20)translational internal chemical

Since the particle is smaller than the mean free path, the mo-
lecular � ux to the particle surface is effusive. Therefore, the
average translational energy of gas molecules incident on the
particle surface is 2kT .14 Also, since the reference temperature
is chosen as 0 K, the chemical potential energy is simply
the enthalpy of formation at 0 K, or . Therefore, the in-0h (0)f

ternal energy at any T is19

T

0ˆu(T ) = 2kT C dT h (0) (21)v,internal f

0

where Cv,internal is the contribution of rotation, vibration, and
electronic structure to the speci� c heat at constant volume.

The change in the internal energy during a collision is given
by

u = u uproducts reactants

or, using Eq. (21)

Ti

0ˆu = X 2kT (C ) dT [h (0)]i i v,internal i f i
iproducts 0

Tj

0ˆX 2kT (C ) dT [h (0)] (22)j j v,internal j f j

j reactants 0

Equation (21) can be used to � nd the change in internal energy
for either reactive or nonreactive collisions. By the First Law
of Thermodynamics, the energy transferred to the particle dur-
ing the collision is simply the negative of the change in inter-
nal energy of the collision. Therefore, for a nonreactive col-
lision

q = u (23)nr nr

and for a reactive collision

q = u (24)r r

The JANNAF Thermochemical Tables20 and associated curve
� ts17 were used for all speci� c heats and heats of formation.

Free Molecular Energy Equation
Equation (19) represents the � ux of energy at the particle

surface caused by collisions with ambient gas molecules. The
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Fig. 4 Collision ef� ciency for 2C(s) O2 = 2CO.

Fig. 5 Curve � t of collision ef� ciency for 2C(s) O2 = 2CO.

particle will also exchange energy with the environment by
radiation. The rate of radiant energy transfer is given by

dE 4 4= (T T )A (25)
d t radiation

Since small particles are mass (or volume) radiators,21 the
is proportional to the particle radius. Therefore

dE 4 4= rk (T T )A (26)r
d t radiation

where kr is a function of particle temperature and is derived
from the Lee and Tien21 soot optical properties. The total en-
ergy � ux at the particle surface is therefore the sum of Eqs.
(26) and (19), or

dE 4 4= [Z fq Z(1 f )q ]A rk (T T )A (27)r nr r
d t

Substituting Eq. (17) into Eq. (16) yields

dE r dT
˜= A C Z fme (28)

dt 3 dt

Equating Eqs. (27) and (28) and solving for the rate of change
of temperature yields

dT 3Z 3kr 4 4˜= [ f (me q ) (1 f )q ] (T T ) (29)r nr
d t rC C

In free molecular � ow the heat transfer is independent of
the gas phase thermal conductivity, whereas the continuum
heat transfer rate is linearly dependent on the thermal conduc-
tivity. In free molecular � ow, there is no extra (1/r) term on
the convective loss rate. Therefore, the convective loss term
will not automatically dominate the heat addition term for
small particles. Heat transfer processes (except radiation) are
limited by the collision rate Z. This means that the convective
heat transfer is linearly dependent on pressure, whereas in con-
tinuum � ow the convective heat transfer is independent of
pressure.

Note that the radius r appears in Eq. (29) as an unknown
function of time. However, substituting Eq. (17) into Eq. (15)
yields an ordinary differential equation (ODE) for the particle
radius

˜dr Z fm
= (30)

d t

Since f is also a function of particle temperature, Eqs. (29)
and (30) form a coupled set of ODEs for the particle temper-
ature and radius as functions of time. These equations are state-
ments of energy conservation and mass conservation, respec-
tively. These equations were integrated in time using a
modi� ed implicit Euler method. The time step is varied to
assess both stability and accuracy of the calculations.

Soot Oxidation Rates
Oxidation by Molecular Oxygen

A summary of soot oxidation rate measurements over a wide
range of oxygen partial pressure appears in Fig. 4. The data
have been cast into the form of collision ef� ciency, assuming
the reaction

2C(s) O Þ 2CO2

Shock-tube data from Park and Appleton,7 Roth et al.,9 and
Cadman et al.,22 are compared with the carbon rod data from
Nagle and Strickland-Constable,23 and the low-pressure � ow
tube data of Rosner and Allendorf.24 Park and Appleton,7 Roth
et al.,9 and Cadman et al.22 used thermal or lamp black parti-
cles, and Rosner and Allendorf 24 used graphite � laments. Roth
et al.9 and Olander et al.25,26 independently con� rmed that the
reaction forming CO is much more likely than that forming
CO2. Roth et al.9 used laser absorption to con� rm the presence
of CO and the absence of CO2. Olander et al.25,26 used mass
spectrometry to determine that the reaction forming CO was
at least two orders of magnitude more probable than that form-
ing CO2. The Cadman et al.22 data lie well above most of the
other data, but fair in nicely with the Rosner and Allendorf 24

measurements. The data in Fig. 4 illustrate the wide range of
experimental oxidation rates reported in the literature. Differ-
ent experimental techniques and different carbon samples
(soot, graphite powder, etc.) contribute to the spread in the
data. Figure 5 presents the Cadman et al.22 and Roth et al.9

data (at oxygen partial pressures of 0.05 and 0.5 atm, respec-
tively) along with a � t to these data using an equation of the
Nagle and Strickland-Constable23 form:

k P12 A O2f = = k P (1 ) dimensionlessB O2˜ ˜Zm Zm 1 k PZ O2

where
1

kT
= 1

k PB O2

2 1 1k = 20 exp( 15,100/T ), g cm s atmA

2 1 1k = 0.2 exp( 7640/T ), g cm s atm (31)B

5 2 1k = 1.51 10 exp( 48,800/T ), g cm sT

1k = 21.3 exp(2060/T ), atmZ
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Fig. 6 Rosner and Allendorf 24 collision ef� ciency for C O =
CO.

Fig. 9 Particle temperature elevation at burnout for 1.00-atm
total pressure O2/N2 mixtures.

Fig. 8 Particle size history.

Fig. 7 Particle temperature history.

The Roth et al.9 data are well � t with a coef� cient on kB of
0.02. In the original Nagle and Strickland-Constable23 work,
the coef� cient on kB is 0.00446. This is the only change to the
original Nagle and Strickland-Constable23 � t.

Oxidation by Atomic Oxygen

Rosner and Allendorf 24 measured the rate of O-atom attack
on pyrolytic graphite surfaces in a � ow tube at low pressure.
This data, along with a polynomial curve � t, are shown in Fig.
6. These collisions are extremely ef� cient, with a reaction
probability near 1.0. Rosner and Allendorf 27 also con� rmed
the product of the reaction with atomic oxygen as CO. Since
the atomic oxygen collisions are so ef� cient, and since the
expected atomic oxygen content is small, this collision ef� -
ciency is assumed to be independent of atomic oxygen partial
pressure.

Model Results
Now that we have collision ef� ciencies for more than one

reaction, the energy and mass conservation equations [Eqs.
(28) and (29)] must be extended to consider more than one
collision partner. Assuming simple superposition of the colli-
sions yields

dT 3 3kr 4 4˜= Z [ f (m e q ) (1 f )q ] (T T )i i i r i nri idt rC Ci

(32)

dr 1
˜= (Z fm) (33)i

d t i

where the summation is taken over the number of collision
partners. Three collision partners will be considered: O2, O,
and N2. Of course, every collision with N2 will be nonreactive,
i.e., f is identically zero for N2. Equations (32) and (33) rep-
resent the current model for a soot particle reacting in an ar-
bitrary gas mixture.

Because of the competition among the reactive collision
partners for active sites on the surface of the soot particle,
superposition is not precisely valid. However, it does provide
an upper bound on the reaction rate for a mixture of reactive
collision partners.

Oxidation in O2, O2/N2, and O2/O Mixtures

Figure 7 presents a temperature history for a 50-nm soot
particle oxidizing in pure O2 at a pressure of 0.02 atm. The
particle is assumed initially to be in equilibrium with the 2000-
K bath gas. In all calculations, the stated bath gas composition
is frozen, i.e., no equilibrium dissociation of O2 into O2, and
O is considered. The oxidation rates of Cadman et al.,22 Roth
et al.,19 and Nagle and Strickland-Constable23 are used. The
Cadman et al.22 rates produce the maximum thermal nonequi-

librium. Note that the maximum temperature elevation of the
particle temperature above the gas temperature is over 400 K
when the Cadman et al.22 rates are used. The reduction in par-
ticle diameter as a function of time is shown in Fig. 8. Note
that the temperature elevation is over 300 K when the particle
has lost less than 50% of its mass for the Cadman et al.22 rates.
Even for the Nagle and Strickland-Constable23 rates the par-
ticle temperature elevation is about 50 K. It is important to
note that, if the typical continuum mass and energy conser-
vation equations are used, the computed temperature elevation
is a few degrees at most for particles of this size. Therefore,
small particle size does not guarantee gas/particle thermal
equilibrium for reacting particles. In fact, it is the small particle
size that allows thermal nonequilibrium, if rarefaction effects
are properly taken into account. This result contradicts the
small particle limit predicted by the continuum theory in Refs.
1– 6.

Figure 9 presents the particle temperature elevation at burn-
out for a 50-nm-diam particle oxidizing in various O2/N2

mixtures at 1.00 atm. Here, particle burnout is de� ned as the
time at which the particle diameter reduces to 0.5 nm. These
and all later calculations use the Cadman et al.22 rates for O2
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Fig. 13 Particle temperature history in O2 and O2/O mixture at
0.10 atm.

Fig. 12 Particle temperature history in 100% molecular oxygen
for various pressures.

Fig. 11 Particle temperature elevation at burnout for 0.01-atm
total pressure O2/N2 mixtures.

Fig. 10 Particle temperature elevation at burnout for 0.10-atm
total pressure O2/N2 mixtures.

oxidation to provide an upper bound on the particle tempera-
ture. The particle temperature elevation is seen to increase with
increasing ambient temperature and with increasing oxygen
concentration. Negligible particle temperature elevation is seen
below about 2200 K. The particle is assumed to be initially in
equilibrium with the bath gas.

Figures 10 and 11 show similar results for 0.1 and 0.01 atm,
respectively. Note the change in the temperature elevation
scale, indicating that the particle temperature elevation in-
creases with decreasing pressure. At the lowest pressure, sub-
stantial particle temperature elevation is computed down to
1600– 1800 K ambient temperature.

The pressure dependence of the particle temperature eleva-
tion is shown directly in Fig. 12. This � gure shows a 50-nm-
diam particle combusting with pure O2 at 1.0, 0.1, and 0.01
atm. The particle is assumed to be initially in equilibrium with
the 2200-K bath gas. At 1.0 atm, there is negligible particle
temperature increase. At 0.1 atm the particle temperature
reaches a plateau at about 250 K above the gas temperature,
with a small increase at burnout. At 0.01 atm, the particle

temperature reaches a plateau at about 300 K above the am-
bient gas temperature, with a rapid increase at burnout. It is
interesting to note that the particle burns out faster at 0.1 atm
than at 1.0 atm, even though the collision frequency is an order
of magnitude greater at 1.0 atm. This seemingly counterintui-
tive behavior is explained by the particle temperature elevation
at 0.1 atm. As the particle temperature rises, the collision ef-
� ciency increases (see Fig. 5), which produces still higher tem-
peratures. This feed-forward process causes the collision ef� -
ciency-collision frequency product to be greater at 0.1 atm than
at 1.0 atm. Therefore, the particle lifetime is shorter at 0.1 atm.

Figure 13 shows the particle temperature history of a 50-
nm-diam particle oxidizing at 0.1 atm in two ambient gas com-
positions: 100% O2 and 98% O2/2% O. The Cadman et al.22

rates are used for O2 and the Rosner and Allendorf 24 rates are
used for O. The particle is assumed to be initially in equilib-
rium with the 2200 K bath gas. The addition of this small
amount of atomic oxygen causes an increase of 200 K in the
particle temperature. Collisions with O are ef� cient and very
exothermic.

Conclusions and Recommendations
Soot particles will experience signi� cant rarefaction effects

while oxidizing at moderate pressure conditions. The conclu-
sion that small oxidizing soot particles will remain in thermal
equilibrium with the surrounding gas is invalid. This assump-
tion follows from the assumption of continuum � ow, which
predicts that the convective heat transfer coef� cient is inde-
pendent of pressure, inversely proportional to particle size, and
dependent on the gas thermal conductivity. For suf� ciently
small particle size, the particle Kn is large and the particles
experience free molecular � ow. For free molecular � ow the
convective heat transfer coef� cient is dependent on pressure
and independent of particle size and gas thermal conductivity.
Under these conditions, energy addition by oxidation can over-
come the convective loss and drive the soot particle tempera-
ture above the ambient gas temperature.

Small particle thermal nonequilibrium is favored by low-
pressure, high-ambient temperature, and high relative concen-
tration of the oxidizing species. Collisions with inert species
such as N2 are very effective at reducing the particle temper-
ature. Small amounts of atomic oxygen can cause large in-
creases in particle temperature.

The collision ef� ciency and products of reaction of other
important oxidizing species need to be determined. For ex-
ample, the current � ame literature indicates that OH is a prin-
cipal soot oxidizer in � ames. Reaction rates of OH with soot
have been derived, but no unambiguous measurements of the
products have been made. Without knowledge of the products,
no statement about the exothermicity or endothermicity of the
reaction can be made.

Oxidation is not the only mechanism for energy release on
the surface of soot particles. Soot particles present a potential
catalytic surface for the exothermic recombination of � ame



238 HIERS

radicals. The free molecular energy equation removes the dom-
inance of the convective loss and means that the determination
of soot particle temperature may be subject to more effects
than previously recognized.

Soot oxidation and catalytic recombination should be stud-
ied in low pressure � ames to con� rm and quantify the rare-
faction effects. Shock-tube studies of soot oxidation rates
should include emission measurements to infer particle tem-
perature as well as absorption measurements to infer particle
consumption rates.

Finally, it is important to note that this theory is fully free
molecular. No gas– gas collisions are considered. Direct sim-
ulation Monte Carlo calculations should be done to assess the
importance of gas– gas collisions for a variety of particle
Knudsen numbers and temperatures.
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